We derive chiral anomalies as changes of a certain type of regularized determinants of Dirac operators defined on Euclidean space· time R 2n under infinitesimal chiral transformations. We study a relation between chiral anomalies and the topology of the space of invertible Dirac operators. A possible modification of our regularized determinant is discussed in connection with the chiral Schwinger model. § 1. Introduction Chiral anomalies have great importance on physics. Axial anomaly, is crucial for understanding of lr°--->2r decay!} and the resolution of U(l) problem.
Chiral anomalies have great importance on physics. Axial anomaly, is crucial for understanding of lr°--->2r decay!} and the resolution of U(l) problem. 2 ) On the other hand, if gauge anomalies exist at fundamental level, it has been considered that the theory becomes inconsistent because of the breakdown of renormalizability or unitarity.3) So we suppose that chiral anomalies are not merely by-products of technical calculations due to the fact that it has not been found any regularization procedure that preserves all classical symmetries, but they must have deep mathematical structures as well as physical meanings. Fujikawa 4 ) regarded an anomalous term as the change of fermionic measure under chiral transformation in path-integral formalism, and clarified the relation between axial U(l) anomaly and index theorem for a Dirac operator. 5 ) In hamiltonian approach, non-abelian anomaly is understood from algebraic-topological viewpoints as a phase factor which characterizes ray representation. Physically it means that anomalous Schwinger terms appear in commutation relations among Gauss law constraints and physical state conditions cannot be imposed consistently.6) We can regard chiral anomalies as changes of regularized fermionic determinants under a chiral transformation in formulating the effective action. They were calculated by the use of rfunction regularization 7 ) and heat kernel method.
)
Moreover Alvarez-Gaume and Ginsparg
9
) examined the topological content of non-abelian anomaly on the footing of fermionic determinant. They thought that the anomaly appears as the phase change of fermionic determinant under a chiral gauge transformation, and determined the form of 2n-dimensional non-abelian anomaly by using an adiabatic argument and index theorem for (2n +2)-dimensional Dirac operator related to U(l) anomaly. They also connected non-abelian anom~ly to non-trivial topology of gauge orbit space. In this way, chiral anomalies show very interesting algebraic and topological structures. However the above arguments hold only in the case of theories on compact space-times such as S2n. It is natural to try to extend these arguments to those on Euclidean space-time R2n. Such an extension is useful to clarify whether the topology of space-time has anything to do with that of a space like a gauge orbit space or not. This trial, however, has not been considered seriously. This might be due to the fact that Dirac operators on R 2n have non-compact resolvent operators: in other words, they have continuous spectrum. Hence well-known rfunction regularization or heat kernel method does not-make fermionic determinant well-defined. Also there is no useful tool such as index theorem which plays a central role in Ref. 9) .
In this paper, regularized fermionic determinants of Ref. 10) are adopted and non-abelian anomalies are derived as those infinitesimal changes. Then the relation between non-abelian anomalies and the topology of the space gj of invertible Dirac operators on R 2n are studied. It is shown that the existence of non-abelian anomalies indicates non-triviality of fundamental group of the space gj. However, unlike in the case of compact space-time, the connection between U(l) anomalies and the topology of gj could not be discussed. This may be owing to subtleties of theories on noncompact space-time.
The content of this paper is as follows. In § 2, a definition of a certain type of regularized determinants for Dirac operators and some of its properties are given. In § 3, we derive non-abelian anomalies in 2-and 4-dimensional Euclidean space-times. We study. a relation between chiral anomalies and the topology of the space gj of invertible Dirac operators in § 4. In § 5, we propose an extended version of our regularized fermionic determinant and study the chiral Schwinger model by using it. § 2. Definition of a regularized determinant
We define a space of Dirac operators and a regularized determinant for the ratio of two Dirac operators in R 2n , and state some of their properties in this section. For the detailed proof of properties, we refer to Ref. 10) .
Let H be the Hilbert space consist of wave functions of a Dirac particle in 2n-dimensional Euclidean space-time with N-dimensional space of internal symmetry, i.e., We regard fD as a metric space with distance 
3) DM(D2; Dl) is gauge invariant in the following sense. That is,
DM(UD2U-l ; D l)=DM(D2; D l ),
where U = e A with a bounded operator A. § 3. Derivation of chiral anomalies
In this section, we shall get non-abelian anomalies in 2-and· 4-dimensional space-
times by using our regularized determinant D M(D(l); D(O)).
The method which we use is essentially the same as that of Ref. 10 ), but for completeness we shall sketch the derivation. We take a model where only one left-handed fermi field couples to a non-abelian gauge field whose Lagrangian density is
suitably defined on Euclidean space-time. The form of Dirac operator is
where 4(x)== yP Apa(x) T a and ys== inn!';,(jlyp. The effective action is formally defined by
But 'det !/J' is not a well-defined quantity, so we adopt our regularized determinant in place of it. Non-abelian anomalies can be obtained by examining the change of a regularized determinant under the local chiral gauge transformation --(1 +Ys )
where E is an infinitesimal parameter and ¢(x) is an arbitrary function, so
where Nreg==DM(!/J; ¢+mt 1 • Equation (3·5) is deformed as follows by the use of Dimford integral and cyclic property of trace,
The evaluations of general2n-dimensional cases are straightforward but tedious. So we treat only 2-dimensional and 4-dimensional cases here. (I) 2-dimensional case We take the notation and define Band C as 
By using an expansion and the equalities,
we can reach the following well-known result,
(II) 4-dimensional case Applying the same calculations, we get the following result:
The non-abelian anomalies (3'7) and (3~8) involve extra terms besides what we obtain from so-called "decent equations" .12) This occurs due to a definition of regularization which we choose. If we follow the idea by Bardeen,13) these terms are removed by adding local counterterms to the lagrangian density. However these extra terms also satisfy W ~ss-Zumino consistency conditions. 12 ) § 4. Topology of the space of Dirac operators
In this section, we study a relation between chiral anomalies and the topology of In finite dimensional classical groups, the trace of Maurer-Cartan form satisfies the condition that for every loop C there exists an integer l such that the relation (4'2) holds. Here l is the winding number of the loop C. We give an example to indicate that the analogy of this fact occurs with l *0 in the case of infinite dimensional space, the space fl) of invertible Dirac operators. In other words, the space fiJ is not simply connected.
We consider the chiral SU(2) gauge theory in 2-dimensional space-time, where we set J,b= ¢ -i4(x) 1-; Y5 .
For the operator-valued map D(s), we get
where U(
We may take as an example of u(x, s),
where r=( X1 2 +x2 2 +tan 
Fermionic Determinant and Chiral Anomalies
The left-hand side of (1!2ni) x Eq. (4 ·1) is -2 Finally we give a short remark about the relation between the topological approach by Alvarez-Gaume and Ginsparg 9
. Tr [Ids !(U(x, s)(l/J+m)U(x, s))(U(x, s)(l/J+m)U(x,
) and ours. As we have stated in the Introduction, they conjectured that on 5 2n non-abelian anomaly appears as the change of the phase factor of fermionic determinant underchiral gauge transformation, and obtained it by using an adiabatic argument and 2n+2-dimensional index theorem. On the other hand, our argument may be complementary to that of them in the following respect. We have obtained chiral anomalies directly as the change of regularized fermionic determinant defined on Euclidean space-time, which is non-compact, under chiral gauge transformation. And by using them with homotopy invariant quantity (4 ·1), we have shown that the space of invertible Dirac operators is not simply connected in spite of the fact that the space-time has trivial topology.
There exists no corresponding finite loop, i.e., D : SI~ fiJ, in the case of axial U(l) transformation. So, contrary to the theories on compact space-time, an interesting relation between U(l) anomaly and non-abelian anomaly is not found. The difficulty is attributed to non-compactness of space-time. § 5. Extension of determinants and chiral Schwinger model
As stated in the Introduction, it has been considered that the existence of gauge anomaly threatens the consistency of the theory with the breakdown of renormalizability or unitarity. Some interesting attempts, however, have been done to construct consistent anomalous gauge theories. Faddeev and Shatashvili proposed l4 ) the model with a Wess-Zumino term, which is gauge invariant at quantum level. Jackiw and Rajaraman examined 1S ) the consistency of the chiral Schwinger model. It is shown that this model contains an arbitrary parameter a which reflects a regularization ambiguity. The theory can be made unitary with the appropriate choice of the parameter,. though it is not gauge invariant.
In this section, we propose a possible modification of our regularized determinant DM(Dl, Do) and study the chiral Schwinger model by using it. It is found that the modified one shows an interesting topological structure.
The chiral Schwinger model is the 2-dimensional space-time model which only left-handed fermi field couples to U(l) gauge field. An application of our regularized determinant defined in § 2 leads to
where D(s)= (J -z:SA(l-rs)/2. The effective action r(A) does not make the chiral Schwinger model consistent. However, we can extend the regularization procedure with an arbitrary parameter a in order to make the model unitary. We define the regularized effective action by using the modified fermionic determinants as follows,
If we set We have derived non-abelian anomalies as changes of our regularized determinant DM (D(l) ; D(O» defined on Euclidean space-time R 2 n under infinitesimal chiral transformations. We have shown that the space of invertible Dirac operators is not simply connected in spite of the fact that the space-time has trivial topology by using chiral transformation and homotopy invariant quantity DM(D; D)=1. The extended version DM(X(l) ; X(O» of our regularized determinant has been proposed. There exists a hidden 'gauge' structure in which regularized effective action is regarded as 'gauge field'. This determinant can make chrial Schwinger model unitary.
X(s)=D(s)Da
= ( (J -isA 1 -rs )( (J -iA 1 -rs -i~ A 1 + rs )
ft (D(O)Do(t))(D(O)Do(t))c-l exP(D(O)Do(t)/M 2 ))
== Ua(O), jjM(D(l)Da ; D(lY) =exp( Tr 11 dt ft (D(1)DI(t))(D(1)DI(t))-lexp(D(1)DI(t)/M 2 )) == Ua(l) ,(5'
